CHAPTER 1

Introduction and Fundamentals
for Mathematics and
Continuum Mechanics

1.1 General Introduction

In this chapter, the fundamental properties that make asphalt concrete (AC) different
from other materials are discussed. Logically, this discussion will serve as the guiding
principles for the entire book.

Asphalt concrete is a unique material in four aspects: 1) its composition; 2) its
manufacturing process; 3) its use environment; and 4) its performance or failure
modes. These unique characteristics make AC different from other materials, and
make this book valuable and uncommon. There are many textbooks on the mechanics
of different materials and many books on the general topics of mechanics as well.
What makes AC different from other materials is addressed in detail and serves as the
focus of this book.

1.1.1 Unique Material Structure and Complexity

AC consists mainly of three constituents: asphalt binder, aggregates, and air voids. Oth-
er constituent/constituents may include additives such as fillers, modifiers, and fibers.
These constituents are often used to enhance the properties of AC for specific aspects,
such as moisture damage. The three major constituents have great differences in their
properties and variety. While most of the binders are residuals of petroleum refinery,
different petroleum resources and refining procedures will end up with binders of dif-
ferent molecular structure and compositions. Aggregates come with a variety of miner-
als that have different reactions with binders. The stiffness of the three constituents is so
drastically different that tremendous localizations make properties of this material
highly variable. While there are other distinct properties, three important properties of
binder—thermal sensitivity, loading rate sensitivity, and moisture sensitivity—make
this material much more challenging than most other materials in characterization,
modeling and simulation, and especially predicting its behavior or performance under
complex use environments including temperature, loading magnitude, and loading
rates. The unique material structure and complexity requires a microscopic view.



2

Chapter One

In addition, due to the significant differences in chemical composition between
binder and aggregates, the bonding between asphalt binder and aggregates is weak and
has not been well understood. So far, there are not enough experimental and theoretical
backgrounds pinpointing the behavior of interfaces between aggregates and binder,
nor between fillers and binder.

1.1.2 Construction

Unlike other materials such as polymer and metals, the production of AC for real roads
presents difficulties in controlling its quality in the areas of: 1) aggregate moisture; 2) the
fines stuck at the aggregate surfaces; 3) temperature; 4) wind and moisture conditions at
compaction; and 5) roadbed conditions. The variations in these conditions affect the
bonding between aggregates and binder, binder content, void distribution, and even
segregation. More importantly, a typical lift thickness is around three times the nominal
maximum size of the aggregates, smaller than the required size for a representative vol-
ume, making compaction difficult and uniformity hard to achieve. These factors signifi-
cantly limit understanding or predicting the behavior of asphalt pavement.

1.1.3 Environment Exposure

Roads must be in a natural environment without protection or isolation. Variations in
temperature, moisture conditions, sunshine exposure, and the loading spectrum (load-
ing magnitude, speed, and interval) are difficult to characterize, making predicting the
performance of AC much more challenging than most other engineering materials. In
addition, the “strength” of AC is usually degrading (due to aging, sometimes also in-
creasing due to healing) with time, and since the degrading mechanisms are very com-
plicated to explore, they are not well understood.

1.1.4 Failure Modes

Unlike many other engineering structures, roads are not designed against failures such
as fracture or limited elastic deformation that can be accurately determined. They are
designed against several distresses such as rutting (permanent deformation), fatigue
cracking, thermal cracking, and roughness. These distresses accumulate with the repe-
titions of loads and thermal cycles. Due to the complexities described in previous sec-
tions, the performance characterized in the laboratory can hardly be used to predict
road performance. This makes empirical methods, such as the mechanistic-empirical
(M-E) method, necessary.

1.1.5 Moisture Damage

A special distress of AC is moisture damage. Moisture entrapped in AC produces large
excess pore water pressure. When asphalt film is soaked in water, its light components
may be dissolved and become weak. Moisture infused between aggregates and binder
interface will also weaken this interface. Moisture damage causes the removal of fine
materials, stripping the binder from the aggregate surface, and thus changing the mate-
rial structure. This phenomenon is not well understood.

1.1.6 Complex Coupling

Experiments have also discovered that rutting induces fatigue cracking and vice versa.
Moisture damage, weakening the mastics and binder-aggregate interface, leads to ac-
celeration of fatigue and rutting.
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The complexities described above can be summarized as the effect of non-linearity,
non-uniformity, rate dependency, temperature dependency, large deformation, and
complex coupling in terms of mechanics. The overall consequence is that the predic-
tion of the pavement performance based on properties characterized in laboratories
may be several magnitudes different from the performance observed in the field.

While the author began with an objective to document most of the studies relevant
to the mechanics of AC, the study identified thousands of articles and reports. It is not
the intent of this book to document all these studies, which may require an indepen-
dent book of several hundred pages. Instead, this book will focus on the more rigor-
ous theories of mechanics and their related applications. Laboratory discoveries, em-
pirical correlation, relatively simple models such as isotropic elasticity models, and
viscoelasticity models are not discussed in this book. Since systematic and fundamen-
tal research looking into the mechanisms of deformation and failure, stress-path de-
pendency, and anisotropy is not available, it is difficult to present the book in such a
way where concepts in different chapters are tied together to develop the various dis-
tress models.

Phenomenological Behavior of Asphalt

Phenomenologically, AC demonstrates behavior of non-linearity, rate dependency, tem-
perature sensitivity, anisotropy, heterogeneity, irrecoverable deformation, fracturing,
healing, hardening, softening, dilatancy, etc. Theories to cover all these phenomena and
their couplings are too complicated to be realistic. Phenomenological models that de-
scribe AC behavior are typically elasticity, anisotropic elasticity, non-linear elasticity,
elastoplasticity, linear or non-linear viscoelasticity, viscoplasticity, fracture mechanics,
and continuum damage mechanics.

Need for This Book

The need for a book such as this one is two-fold: industrial and educational. Histori-
cally, the characterization of AC has been dominated by empirical approaches. In the
last two decades an (M-E) approach for pavement design has been developed. Under
this driving force, more rigorous theories have been developed or applied to solve
problems encountered in asphalt industries. The variety of theories is so large that even
researchers in this field would become lost seeking the links among these theories and
understanding their capabilities and limits. An introduction to the fundamentals of
these theories would be helpful to industrial researchers and practicing engineers to
identify viable methods. The educational needs are relatively straightforward, as was
indicated in the preface. So far, there is no such textbook. It is anticipated the book could
serve as a textbook for characterization, modeling, and simulation courses on AC and
pavements.

Logical Link of Chapters

There are many books in mechanics dealing with topics such as stress, strains, kinemat-
ics, tensor analysis, and fundamental laws of conservation and objectivity. Excellent
books are available on these topics. There are also excellent textbooks on elasticity, vis-
coelasticity, plasticity, viscoplaticity, fracture mechanics, continuum damage mechanics
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molecular dynamics, and numerical implementations in Finite Element Method (FEM),
Discrete Element Method (DEM) and Boundary Element Method (BEM). In the interest
of being concise, only a brief description of these fundamentals is included in Chapter 1,
Chapter 5, Chapter 6 , Chapter 8, Chapter 9 and Chapter 13 for completeness. Readers
are assumed to have a background in elasticity and tensor analysis and the required
mathematics background (such as Laplace Transform) to read these textbooks if need-
ed. With this understanding, the book is organized into six sections with a total of
13 chapters with both straightforward fundamentals and applications so that practicing
engineers and graduate students can learn this topic with convenience.

The first section has two chapters (Chapters 1 and 2) to discuss the fundamental
properties of AC, fundamentals of tensor analysis and continuum mechanics, and the
constituent properties and characterization methods. The second section has three
chapters (Chapters 3, 4, and 5) focusing on microstructure characterization, strain
characterization at the microscopic level, and mixture theory and micromechanics
applications. The third section has two chapters (Chapters 6 and 7) to discuss macro-
continuum types of theories and viscoplasticity models developed for AC. The fourth
section has two chapters (Chapters 8 and 9) to mainly focus on three major numerical
methods including FEM, BEM, and DEM. Section five has three chapters (Chapters 10,
11, and 12) to discuss topics of active research areas with applications of the funda-
mental theories and techniques. Section six has one chapter (Chapter 13) on multi-
scale modeling and topics of current interest and less matured. Appendices docu-
ment the Laplace Transform, Eshelby Tensors for elliptic inclusions, and fundamental
solutions for BEM.

Alist of the books recommended for further reading is presented at the end of this
chapter. Again, the philosophy is not to perform a literature review or evaluation of
these books. Instead, the goal is to assist the readers of this book to pick up the back-
grounds quickly, so only a few books in each category are listed. One of the most impor-
tant selection criteria for these books was simplicity, conciseness, and description of the
fundamental physical mechanisms.

Fundamentals of Mathematics

1.5.1 Scalar

A scalar represents physical or geometrical quantities that require only a magnitude to
represent. Quantities such as time, temperature, density, and distance can be repre-
sented by scalars. It is also called zeroth-order-tensor, requiring 3° = 1 basis (indepen-
dent direction). In this chapter, lower-case Greek letters such as ¢, fand yare used to
represent scalars. In fact, one may judge whether a quantity in an equation is a scalar, a
vector, or a tensor from its physical meaning and dimensional analysis. The algebra
operations such as + and — can be applied to scalars.

Geometrically, scalars are one-dimensional (1D) quantities that have zero as a refer-
ence point and positive and negative “directions” along only one axis.

1.5.2 Vector

Physical quantities such as force and displacement require both a magnitude and a
direction to represent. These quantities can be represented as vectors, generally hav-
ing three independent bases to represent in the three-dimensional (3D) space. If one



Introduction and Fundamentals for Mathematics and Continuum Mechanics

compresses one or two of the three dimensions to zero, one can have two-dimensional
(2D) vectors and a 1D vector (a scalar). A vector is also called a first-order tensor, having
3!= 3 independent bases. Mathematically, a set of mutually independent N variables
can be considered as an N dimensional vector. Lower-case characters such as v and u
are used to represent vectors in this chapter. Vectors can be also represented in indicial
format as v; and u; (i = 1~3). Vectors in rigorous sense (2D and 3D) follow the triangle
rule for “add” and “subtract.” Abstract extension to an N dimensional vector may not
follow such rules.
A vector can be represented in its indicial format as follows:
3
V=vie Ve, Ve, = Y Ve, (1-1)
i=1
Where e; are the three bases (with unit length). By following the Einstein convention
(the dummy index or the repeaded index will sum running from 1 to 3), it can be simply
represented as Equation 1-2:

V= Ve (1-2)

"v" =0l +0v;+0; is the magnitude of a vector or the “normal/mod/length” of a
vector (see Figure 1.1a). The vector can be generally represented as scalar (magnitude)
in an orientation where e is the orientation. It is this orientation that needs a reference
system to measure it. The above representation (Equation 1-1) is for a Cartesian refer-
ence system.

Addition or subtraction of vectors will follow the following rules (Figure 1.1b):

w=utv, we,=(uxv)e, (1-3)
Xz
A
A b
C
a >—>
/ = X arbee
X5 (a) (b)
b c
I b,
|
|
|
0
a
C
a~b=c aXb=c
(©) (d)

Ficure 1.1 lllustration of typical vector operations.
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Multiplication of a vector by a scalar is equivalent to extension or contraction of the
vector along its original orientation (may reverse its direction, or make it a zero vector,
which may not have a physical meaning).

Av=Ave, (1-4)

The dot (scalar) product of two vectors results in a scalar (the magnitude of the
projection of one vector on the other) (Figure 1.1c).

uev=veu= ||u||||v||c059 =10, (1-5)

Where @is the angle between the two vectors.

The cross product of two vectors is a vector with its magnitude equal to ||u||||v|||s1n 9|
and its orientation normal to the plane formed by the two vectors and following the
right-hand convention (Figure 1.1d). The magnitude is equal to the area of the parallel-
isms as shown in Figure 1.1d.

uxv:—vxu:||u||||v|||sine|e (1-6)

The indicial format of the cross-product will be presented in the next section as it
requires the use of some tensors.

1.5.3 Tensor

Many quantities in mechanics require more than three independent components to rep-
resent. The stresses and strains are good examples. They can be represented as second-
order tensor (rank of two), with a total of nine components (3*= 9). The nine compo-
nents may not necessarily be independent. In this chapter, capital characters such as T,
Q, and C are used to represent tensors. The indicial format of the tensors (second-order)
may be represented as T; and Q.

Two important tensors, the Kronecker Delta and the Permutation Tensor, are first
defined as they are often used in other vector and tensor operations.

1.5.3.1 Kronecker Delta
Kronecker Delta is equivalent to the unit (often represented as unit isotropic tensor I) or
one in scalar. It also serves as an operator (some tensors such as the transformation ten-
sor also serve as operators).

N fori=j,i=13;j=13

= (1-7)
70 fori#j,i=13;j=13

It can be conveniently verified that:

eee = 5i]. (i,7j=1,23)

|8

=0,
y

j
de =e.
l] ] 1

The last property represents the replacement operation.



Introduction and Fundamentals for Mathematics and Continuum Mechanics

Using the Kronecker Delta, the scalar product can be represented as:

uev=veu=uve ee, =uv6, =uUv =uv, =0, +u0, +u,0,

1.5.3.2 Permutation Tensor
The permutation tensor, &, is a rank three tensor. It has 3° = 27 components as defined
in the following;:
1 if jk appears as in the sequence 123123
&w =1 ifijk appears as in the sequence 321321 (1-8)
0 if jk appears as in any other sequences

One can conveniently verify that: &, &, = 6, 0 — 0,4 6;and & = — &y

It can also be conveniently verified that the cross product of the bases can be repre-
sented as:
e xe =&.e (i1,j,k=1,2,3)
Therefore, the cross product of two vectors can be expressed as:
uxov=(ue)x@e)=uve xe)=uv,

iikCr

and uxv=-vXu, making use of ¢; = —fj,k .

1.5.3.3 Dyadic Product of Two Vectors
The dyadic product of two vectors, a ® b, is defined as a linear operation that makes two
vectors into a tensor. It has the following features (a, b, and c are vectors; «is a scalar).

(aa)®b =ae(ab)=o(a®b) (1-9)
a@(b+c)=aeb+acc (1-10)
(b+c)pa=bea+cea (1-11)

a®b= (al.ei)@(bje],) = aib],ei ®e; (1-12)

In more rigorous mathematics, a tensor is defined as a linear combination of the
basis dyads (Equation 1-13).

A=Ae®e, (1-13)

1.5.3.4 Product of Dyad with Vector
The inner product of a dyad with a vector is defined as (a®b)ec=a(bec). Its indicial
format is as follows:

(a@b)ec= aiei(b/e]. ece )= aiei(b/ . Ck6jk) =abce =a(bc +bc,+bc,)e + (1-14)

a,(bc, +b,c, +b,c,)e, +a,(bc, +b,c,+b.c,)e,
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Obviously, the inner product ends up with a vector. The physical meaning is the
projection of a tensor on the surface to give the surface traction (see the stress-surface
traction relationship).

ae(boc)=(ae,® bjej)ckek = aibj6ljckek =abce, =(ab +ab, +ab)ce +

(a,b, +a,b, +ab,)c,e, +(ab, +ab, +ab.)c.e, (1-15)
Other vector dyad products may include:
ax(b®c)=(ae xbe)ce, = §l.jquibjckeq ®e, (1-16)
(a@b)xc=ae(be, xce)= éjkquibjckei ®e, (1-17)
1.5.3.5 Dyad-Dyad Product
The dyad-dyad product of two dyads is defined as:
(u®v) e (ws) = uiei(vje], ° wkek)sqeq =upwseee, (1-18)
Itis a dyad.
1.5.3.6 Vector-Tensor Products
veA=ve oA e®e, = v,.Aijijek =vA.e, (1-19)
Aev= Al.].e,@e]. °v,e, = Aijez.6].kvk = Az.].vjei (1-20)

If A is symmetric, it can be conveniently verified that the above two products are
the same.

This product carries the meaning of the projection of a tensor (stress) to the surface
as surface traction. In that case, A is the stress tensor and v is the direction normal of the
surface.

1.5.3.7 Tensor-Tensor Product
AeS= A,jel.®e]. ° Spqep@ e,= Al,/,SJ,qe,.(@e’7 (1-21)

The product is a tensor. It follows the same rule as the dyad-dyad product in
1.5.3.5.

1.5.4 Frame Transformation

A scalar will not change its value when the frame is changed, or it is frame independent.
However, vectors and tensors will follow certain rules when the frame is changed.

1.5.4.1 Vector Transformation

Considering two-frame systems (x,, x,, x;) and (x', x%, x%) (Figure 1.2), their basis vectors
are corresponding (e, e,, e;) and (e, €%, %). From algebra geometry, one can represent the
relationship of the two basis systems, or the coordinates of the basis vectors in the orig-
inal frame in the following equation:

e; cos(1'—1),cos(1'-2),cos(1'-3) | | ¢
e; ¢ =400s(2'-1),cos(2'-2),cos(2'-3) r1 e,
4 cos(3'-1),cos(3'-2),cos(3'-3) | |e

3
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Fieure 1.2 lllustration of X3
frame rotation (O x; X, X3 /
rotated to O x/; x, x5).

K

or
e=Te e =Te. (1-22)

7]
Considering the two basis vectors ¢} = Tie, and ¢; = Tie,, the scalar product of the two
basis vectors is:

eoe—TeOTe—TTeoe—TTé =TT =6.=6,

jsors ir” jr ij ij

By the nature of the directional cosines, one can verify that T, T;, = J;.

It can be deduced that any vector v can be transformed into v’ following frame
transformation.

U] cos(1'-1),cos(1'-2),cos(1,3) | |7,
v, ¢ =1c0s(2'-1),cos(2'-2),cos(2',3) 11 7,
v} cos(3'-1),cos(3'-2),c0s(3",3) | | v,
or v'=To v;=T; (1-23)

y

1.5.4.2 Tensor Transformation for Different Coordinate Systems
Considering a tensor A = A; e; ® ¢; in (e, €,, e;) and its representation in the frame
(€}, e ef).

Ajei®@e;

Clearly, one has ¢’ = T,.¢, and ¢’ = T e,and therefore:

A’ Te@Te—A T, T.e ®e,

ij Lir ij Lir Ljs

Therefore, A=A, T, (1-24)

Isotropic Tensor
A second order isotropic tensor can be represented as:

I=6..e.®e.
OT.Te ®e =T Te' ®e =6e' @e (1-25)

jrirTjsTor jrojsTor

55TT TT5

pqa-pt y
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Therefore, it does not vary with the frame changes. In analogy, it is equivalent to
one of the scalars.

Fourth Order Isotropic Tensor
Any of the fourth order isotropic tensors can be represented as the combinations of the
following three fourth order istropic tensors:

6,0,¢,0¢ 0e®¢,

6,0,¢,0¢®¢,0¢,

6,6,e0¢@¢,¢

or
()“5,7@1 + uﬁikéﬂ + 05,.,6jk )e,@e/@ek@ e (1-26)

1.5.5 Matrix Operations

The second order tensors are often represented as 3x3 matrices and all the matrix op-
erations are valid for the tensors. Among many of the operations, the operation to find
the principal directions and principal values of matrices has significances in determin-
ing the principal directions and values of stresses. Considering a tensor A, its projection
onto the u direction is a vector v.

Ayu, =wv, or Aeu=v (1-27)

A special case is that the projection on to the n direction ends up with a vector that
is in line with n direction.

Agn;=An; or Aeii=An (1-28)
or
(A;=28)n;=0or (A-Al)ei=0 (1-29)
Therefore, one has the following equations:
(A=A, +A,n,+A,n,=0

An+(A,-An,+A,n =0

A, + Ay, +(Ay, - ), =0 (1-30)

32°72

The solution to A is equivalent to the followmg matrix equation:

|Az.], ~28.]=0 (1-31)

or

A =12 +LA-1,=0 (1-32)
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Where [, (first invariant, the trace), I, (second invariant), and I (third invariant) are
the invariants of the tensor (matrix).

[=A =trA (1-330)
1AA -AA 1 trA)? —tr(A) 1-33b
( i jj ij ]1) 2|:(7" ) - ( ):| (- )
= £ A A A, = detA (1-33¢)

It can be proved that I,, I,, and I; are invariant when the tensor is transformed into
its representation into another rotated coordinate system.
Typically, it has three real roots.

[Ai]. ~ 2,8, Jnf”) =0,(q=123) (1-34)
and
n"n®@ =1, (q=12,3)

Replacing A with the stress tensor o or strain tensor £in the above operations, one
can find the principal stresses or principal strains. Due to the invariant nature of the
three invariants, they are often used in constitutive laws to avoid the violation of objec-
tivity principle.

1.5.6 Typical Operators

Operator V (del) of vector calculus can be represented as:

d 9 ) 9
V=—e +—e¢,+—e,=—¢, (1-35)
a0
If ¢ is a scalar function then V¢ = grad ¢is the gradient of the function. It has applica-
tions in the plasticity theory for representing the flow rule. The gradient of a scalar
function is a vector.

The gradient of a vector field v is represented as:
o,
Vo= —e ®e, (1-36)
ox,
It is a tensor.

The divergence of a vector field v is also scalar. It can be represented as:

v, . av,
Vev=—"Lrc e =—1§ =L 1-37
T TR Y Ty (157

i i i
The curl of a vector is a vector and is defined as:

Vxo=E —L (1-38)

1]k

11
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1.5.7 Divergence Theorem

The Integral Theorems of Gauss and Stokes (or the divergence theorem) is widely used
in continuum mechanics. It presents the relationship between the volume integral and
the surface integral of any quantity. For a tensorial quantity T; , and its gradient

_ ij..k
Ty, = v
q
The theorem states:
J. ik J ij..k q (1-39)
For a scalar field 4, it ends with:
[ands=[2 dv (1-40)
S \%4
For a vector field v:
jv o ndS :J.divvdV or jv ndS=|v dV (1-41)
q9 q.9
S v S 14
80
_[n xvdS J.curlvdV or J.él]knlv]e ds J.é,k ax AV (1-42)

In 2D spaces, it reduces to the area integral and curve (line) integral.

1.6 Fundamentals of Continuum Mechanics

1.6.1 Concept of a Continuum and Representative Element

With unaided eyes, metals, glasses, other solids, and liquids look like a continuum;
there is no space in them. One can imagine that the gases are filled with molecules ev-
erywhere and can also be considered a continuum. The physical concept of continuum
is very complicated. There are always voids and minute cracking in solids, and voids in
liquids. There are also spaces between atoms and molecules. Even within the atom
there are tremendous spaces. However, there might be force fields in these spaces which
bond the molecules and atoms. The concept of a continuum in continuum mechanics is
both concrete and abstract. In the abstract sense, when the effects due to any discontinu-
ity are negligible, the material may behave like a continuum. Mathematically, if the
displacement field of a material can be represented as a continuous function, the mate-
rial can be considered a continuum. While there is no restriction on the homogeneity
assumption of the material, this assumption is usually implied as typically one ad-
dresses the material with the same set of constitutive equations. AC is, by nature, a
heterogeneous material comprised of asphalt binder, aggregates, and voids. Each of the
constituents can be considered as homogeneous. Using a large representative volume
element (RVE), the thus obtained properties of RVE can be used to represent the proper-
ties of the material at any sizes, including the infinitesimal elements.
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1.6.2 Description of Kinematics-Deformation Gradient and Finite Strain Tensor

1.6.2.1 Coordinate Representation
Figure 1.3 presents the reference configuration and the current configuration of a de-
formable body. A segment in the reference configuration is represented as:

dX =dX,I, (1-43)

Therefore:
(X)) =dX edX = ax,dx, (1-44)

Where dX,, are the three components in the three orthogonal directions represented
by 1, for the reference configuration.
In the current configuration the segment is represented as:
dx =dxe, (1-45)
Therefore:
(dx)* = dx e dx = dx dx, (1-46)

Where dx; are the three components in the three orthogonal directions represented
by e, for the current configuration.

For a continuum, one can assume a continuous and one-to-one mapping as:

x,’ = ZI(X) (1'47)
Therefore:
ay,
dx = %dXA = 1, 4%, (1-48)
A
Xia =F (1-49)
is the deformation gradient and
dx=F edX (1-50)
dX =F"edx (1-51)
Ficure 1.3 lllustration of e A

deformation kinematics. ﬂ Reference Configuration

Current Configuration

/ e

13
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Considering;:
(dx)* =(dX)* = dxdx, —dX ,dX , = (x, ,dX,)(x, ,dX ;)= 8,,dX ,dX, = (x, ,x, ;= 6,,)dX ,dX,
=(C,, - 8,,)dX dX, (1-52)

Where C,j = x; 4x;5 or C = FT ® F in matrix or tensor representation.

The Lagrangian Finite Strain Tensor is defined as:

2EAB = CAB - 5AB (1-53)
or
2E=C-6 (1-54)
and
(dx)? —(dX)* = (C,; - 8,,)dX ,dX, = 2E . dX ,dX, (1-55)

For the one-to-one mapping, one can represent X as a function of x. Therefore:

(dx)* = (dX)* = Sdxdx, — (X, dx )X, dx)=(5, - X, X, )dxdx; = (5, c,)dxdx,

¢, =X, X, orc=(F") o(F") (1-56)

Ai“NALj

The Cauchy Deformation Tensor or Eulerian Finite Strain Tensor is defined as:

2e, = 0. — cyor2e=I-c (1-57)

K

Considering two segments X and dX® in the reference configuration, dx! and
dx® represent the two segments in the current configuration.

dxV edx® =FedXVeFedX? =dX" eF" e FedX®

=dXVeCedX® =dX" e(I+2E)edX® =dX" e dX? +dX"V ¢ 2E 0 X (1-58)
If there is no strain, one can have:
dx" e dx® = dxVdx® cos§ = dX" e dX? = dXVdX® cos@ (1-59)

It means the angles between any two segments remain unchanged.

1.6.2.2 Displacement Representation
Obviously, the displacement of point X can be represented as:

u(X,)=x(X,)-X,

u,(x)=x,-X,(x) (1-60a, 1-60D)
Therefore the Langrangian Finite Strain Tensor is:

2E,, = X aXip— 5AB = (ui,A + 61',/-‘& )(ui,B + 5{,3) - 5AB

or

2E,, = UpptUp U U g (1-61)
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The Eulerian Finite Strain Tensor is:
2e,=6,-X, X, =6,-(6,—u, )6, —u

i AiTRA T Aj A,J')

2e,=u, U —u, U, (1-62)

By neglecting the high order terms, one has:

ZEAB=”A,B+”

Y 281.]. =u, +u, (1-63a, 1-63b)
Both reduce to the small strain representation.

1.6.2.3 Rate of Deformation
The previous sections have focused on the deformation gradients and strains that are
based on displacements or locations. They are spatial gradients. This section will dis-
cuss time-dependent characteristics of deformation. Instead of using the displacement,
the velocity v; will be the field variables for the study.
The spatial velocity gradient is defined as:
v,
= (1-64)

This tensor can be decomposed into a symmetric part and a skew-symmetric part:

L,=D,+W, (1-65)
1[ o, o, 1{ dv, 9o,

IoJR A (VAN | B 1-66a, 1-66b

g Z[E)x].Jraxi] i Z[ij axi] (1-662, 1-665)

The symmetric part D; is the rate of deformation tensor and the skew-symmetric
part W is the spin tensor representing rigid rotation.
The spatial velocity change can be represented as:

dv, = %dx. ordv=_Ledx (1-67)
ar,
Since
.
oo, _ 00X, _d| o X, (1-68)
ox, oX, ox, dt{dX, | ox
] ] ]
One has:
L=FeF" (1-69)
or
F=LeF (1-70)

This relationship is often used for deriving other relationships in the following sec-
tions.

15
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1.6.2.4 Stretch Ratio
The stretch ratio «is defined as the ratio between the length dx and that of X measured
in the reference direction N. It is a scalar.

dx
= 1-71
a=—= (1-71)
One may use a definition that can be more conveniently implemented.
dx
2 _ JBX
o =02
(dx)* =dxedx=FedXeFedX =dXeCedX
o :(ﬂ)2 :d—XoCod—X:NoCoN
aX ax aX (1-72)
One can define the stretch ratio in the # direction.
1_4X (1-73)
B dx
(dX)=dXedX=F'edxeF edx=dxecedx
iz(d_X)zzd_x.C.d—xznocon (1-74)
B dx aX dX

Due to the deformation, n may not be a unit vector and therefore typically o = 3.

1.6.2.5 Material-Time Derivative
For any quantity (may be a scalar, vector, or tenor),

B, =B, (X,t)orB, =B, (x,1) (1-75a, 1-75b)
Its time variation rate can be represented either as:
d d
E[Bijm(X,t):l - 5[31,],_”(;(;)] (1-76)
or in the spatial reference as:
d 0 d dx,
E[B,.jm(x,t)] S g[Bijm(x,t)] + a—%[Bij“_(x,t)]? (1-77)
d d d
E[B‘./.m(x,t)J = g[Bijm(x,t)J + gk[Bijm(x,t)Jvk (1-78)
Therefore, one has the following operator:
d _d d
a_9.,., 9 1-79
at o Fox, 1-79)

or 3
—=§+00Vx (1-80)
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1.6.2.6 Changes of Segment, Area, and Volume

1.6.2.6.1 Line Segment Change

H= Fdx (1-81)
E=LeF (1-82)
dx=LeFedX=Ledx (1-83)

The material derivative of the dot product of dx:

(dx;dx)=2dxocix=dx02L0dx=dx02(D+W)0dx=dx02D0dx (1-84)

1.6.2.6.2 Area Change

The area change can be evaluated through an area element composed of two segments
dX® and dX®. In the reference configuration the area is:

ds, =¢&,,.dXdx? (1-85)
In the current configuration:

dS, = & dx? = ¢

1) (2)
ijkxj,BdXB xk,CdXC

x,,d8 =& x, ,x x, AXVdXP =& F,F F dXPdX®

ik i,A™ B k,C iat jBhkC
éijiAFjBF = éABC detF=¢,,.J
x; ,dS, = & 5 JaXVax®
Multiply both sides of the above equation by X Aq ONE obtains:

X, X,,48,= e ]dX;”dXé”XA,q

x. X o

A aq = 9%
as =X, Jds;
1= a5 (1-86)
Considering the identity detB = tr(B®B) detB and replace B with F, one can obtain:
det F = tr(Fe EYdetF = JtrL or | = Jdivo (1-87)

This relationship is important for defining stress in the reference configuration:

dS=J(F'Y eds’

dSeF = ]dS" (1-88)

17



18  Chapter One

Therefore:

dSe F+dSeF = [dS’ = JtrLdS’ Multiply both sides by F'
dS+dSeFe F' = JrLdS® e F™ = rLdS
L =Fe F One has:

dS=trLdS—dSeL (1-89)

1.6.2.6.3 Volume Change
In the reference configuration:

AV =dXD e dX® x dX® = &

ABC

dXPaxPax® (1-90)
In the current configuration:
dV =dx" edx®? xdx® = & dxVdxPdx”
[ atnts Biadd Biiads”
dxV =F edX"Vdx® =F e dX® dx"® = F e dX®
dxV =x, dXP dx® =x, dX?  dx® =x dXT

dv =& x, x, x dXVdXPdxX® = Jdv°

iik i, A%, B7i,C

dV = JdV° = J(trL)dV° = (trL)dV (1-91)
If the deformation is isochoric, thendV =0 #L=0

1.6.2.6.4 Rate of Stretch Ratio
Considering the identity:

dxn; =x, ,dXN , (1-92)
no = xi/AN A
or
ne=FeN
So:

no+noc=FeN=LeFeN=Lena
n+no/o=Len
n0ﬁ+nond/a=n0Lon
(nen=1 n-ﬁ:O)

o/o=nelen
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or
a/o= L,./.nl.nj
Lnn =(D.+W.)nn =D.nn.
iy ij k| iy
d/a:n-D-n (1_93)
or )
a/oa=Dnn.

g

1.6.2.7 Rotation Tensor and Stretch Tensor

The deformation gradient tensor F can be decomposed into a rotational component R
followed by a stretch component U or stretch component tensor V followed by a rota-
tional R. It is named as polar decomposition. Figure 1.4 illustrates this concept. PQ is
deformed into pg but can be considered as first stretched to pg’ (in parallel to PQ) and
then rotated to pq. R is the orthogonal rotational tensor and U and V are symmetric,
positive definite right and left stretch tensors.

dX is stretched to dx’ and is then rotated to dx. Then one can have:
dx'=U edX (1-94)

dx=Redx' (1-95)
Therefore dx = Rel[®dX and F = ReU. Similarly, one can obtain F = VeR.
Therefore:
F=RelU=VeR (1-96)

Since Ris purely rotational, one has dx e dx = (R @ dx’) e (R e dx’) = dx'R"Rdx' = dx' e dx’
and R'R=1.
Through this relationship and the dot product and strain tensor definitions:
One can prove that:
Uell = C and FeF" = VeV (1-97a, 1-97b)

Reference Configuration

Ficure 1.4 lllustration of 3 A
polar decomposition.
! / q
I/ -
1 / -
/I // cal
/’ /’ q
II/,
o x  Current Configuration
0 £ >
C2

€
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1.6.3 Stresses

1.6.3.1 Cauchy Stress

Considering an area element AS of current configuration, having applied forces Af; and
momentum AM, on it, the Cauchy stress principle asserts that the following limits (as
the area AS approaches zero) exist:

im e = Yo (1-98)
A0 AS  dS !

It is named the stress vector or traction vector.
AM,
lim —*=0 (1-99)
As—0 AS
This means that the distributed momentum is equal to zero.

1.6.3.2 Stress Tensor
Consider an infinitesimal tetrahedron in Figure 1.5 at point P in the current configura-
tion, the three stress vectors can be represented as:

t(fl) — tl<31)el + tz(el)ez + t3(31)63

) =t e +1, e, +1 e

3

(e3) _ 4 (&5) (e5) (e5)
e —t13el+t2362+t3383 (1-100)

Using summation convention, these stress vectors can be represented as:
£ =t e, (i=1,23)

In Figure 1.5, the minus sign denotes the opposite direction of the stress vectors.

The Newton second law for the tetrahedron can be represented as:

t0dS—tds, —tdS, —t“'dS, + pbdV = pa.dV (1-101)

Ficure 1.5 Free-body €3 A
diagram for illustrating
stress tensor.
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Where dV is the volume of the infinitesimal tetrahedron.

d
Dividing both sides of the above equation by dS, and considering n, =— and

v _ 0 when dS approaches zero, one obtains: as

a5 ) — g (e @) (e5)
£ =t 0, (1-102)

Where i = 1,2,3, therefore the above equation actually represents three equations.
The nine stress vector components ¢ as a set of quantities represent the Cauchy stress
tensors. It is represented as o; =t¢ (i =1,3; j = 1,3). Figure 1.6 is an illustration of the nine

components of a stress tensor.
The stress vector on the plane with normal direction n can then be generalized as:

t"W=0.n. (1-103)

t ]
or

M _ peg (1-104)

1.6.3.3 Stress Tensor Transformation in Different Coordinate Systems

For the same stress vector, it can be represented using the components in two different
coordinate systems, the ¢; and e, systems. Logically (it is the same vector but different
representations), the following relationship will hold.

t(") — ti(”)ei — tr(”’)e'r
Considering t” = g;n; and t," = o1,
One has the following:
t"=cne=c"ne
JitTji rs'Tr s
r_ [
n'=Tmnande'=T,e,
After some manipulations of the summed indices:

o;ne; = T.T,0,ne

Ficure 1.6 Schematic X3 A
diagram for components of
stress tensor.
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Please note that 1,¢, represents the nine independent bases and can be replaced as
n.e;. By replacing [ with j and k with i, one has:

one=TTone,

i rjrsirsjd

O-rs = TsrTrjO-ij (1'105)
In matrix format, it can be represented as:

o' =ToT" (1-105a)

1.6.3.4 Stress Invariants
Following Section 2.5, the three invariants of the stress tensor are:

I =0,=trc (1-106)

1 1
I,=2(0,0,-0,0,)= E[(fm)2 ~tr(c?)] (1-107)
I,=¢,0,0,0, =deto (1-108)

1.6.3.5 Symmetry
Due to the non-existent distributed momentum (the second principle of Cauchy Stress),
the stress tensor thus defined will be symmetric. Section 3.4.5 will present a proof.

1.6.3.6 Principal Stresses
For symmetric real valued tensors, there exist three directions where the stress vectors
are coincident with the direction of the normal of the planes. These three stresses are the
principal stresses. One can use Equations 1-31, 1-32, and 1-34 to find the principal direc-
tions and principal stresses.

1.6.3.7 Maximum and Minimum Stresses
As the stress vector is t” = neg; its component along the normal of the surface is:

oV =tPen=necen= onn, (1-109)

Note that gy is the magnitude of the stress vector projected on the normal direction.
The magnitude of the stress vector projected on the tangent direction is:

ol=t"et" g2 (1-110)

The maximum or minimum are applicable to oy or or. Taking oy as an example, to
find maximum or minimum o, is equivalent to find the maximum or minimum of the
function:

n)=o.nn
f( l) 7oty (1_111)

The Lagrangian Multiplier method can be used to find the solution. One can consti-
tute an equation g(n,)=o,nn, - {(nn,—1) with nn,—1=0. With the necessary condition
of the extremal conditions, one will have:
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%
gk = O'l.l.5l.knj + o‘jéjkni -2{6,n,=0 (1-112)

Considering the symmetry of the stress tensor and the replacing function of the
Delta operator, one can have:

017,51,,{11], =o,n = 0'175;k”; =o,n,

Therefore:
(0, —0,)n,=0 (1-113)

Comparing it with Equation 1-34, it is the same equation. Therefore, the principal
stresses are actually the maximum and minimum stresses. Following the similar proce-
dure, one can determine the maximum shear stresses.

1.6.3.8 Deviatoric and Hydraulic Stresses
The mean of the sum of the three normal stresses (I, = ¢, = tro ) is the hydraulic stress
or spherical stress. It can be represented as an isotropic stress tensor:

1
M _
o) =316, (1-114)

The difference between the stress tensor and its mean stress tensor is called the de-
viatoric stress tensor.

S =0 —oM (1-115)

1.6.3.9 Octohedral Stress
The plane whose normal makes equal angle to the directions of the principal stresses is
called the octahedral plane. The directional cosines of this plane are equal to 1/ J3 and

1
therefore o~ = =0,

1

Or =0 = %\/[0'1 —9 Jz +[o,-0, ]2 +[0,-0, T (1-116)

Where o, 0, 0; are the three principal stresses.

1.6.3.10 Piola-Kirchhoff Stresses

In calculating the engineering stresses, one often uses the force applied on a surface
normalized with the surface area in the reference configuration (the original surface).
The first Piola- Kirchhoff (P-K) stress is such a measure.

im o2 A (1-117)

A0 AS® dS° Pi

It should be noted that the direction N is also a measure in the reference frame. The
tirst P-K stress is defined in such a way that:

p =P'N, (1-118)
df, =onds

df. =PY'N,dS°
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Considering the area transform identity:
ndS=X, JN,ds’

df, =o,ndS=0,X, N ,dS°

JiTT A

1st
P, O'ﬂX " J
Since a
X 4= F
One has
ij‘ = 0'],,.1-"/;].1] (1-119)

The second Piola-Kirchhoff stress tensor refers a measure of the forces in the refer-
ence frame to the area in the reference frame.

#; = P/, dS

Considering the unit normal n versus N as vector element in the domain, one would

have:
df, = F,  df,
df, =0, ndS 0 A/]NAdSO zB.deZEB.Pj;dNAdSU
Therefore:
P = P‘laql—“;]l ] (1-120)

1.6.4 Fundamental Continuum Mechanics Equations

1.6.4.1 General Concepts
There is a set of equations that a continuum must observe during its deformation pro-
cess. These equations include the conservation equations involving mass, momentum,
angular momentum, energy; the second Law of Theromodyanmics; free energies; the
objectivity assumptions; the strain compatibility conditions; and constitutive laws.
The divergence theorem is widely used in derving the differential format of the
conservation laws. It is represented in the following three formats in terms of a scalar
field, a vector field, and a tensor field.

[If nav= Hr,nds _mv—dV ”undS _mv—”dV=£‘_[Aijn[dS (1-121a, b, )

1.6.4.2 Density Definition
Considering a volume element AV surrounding point P, the amount of mass contained
in AV is Am, the average density of this volume element is:

Am

_am 1-122)
pﬂl)ﬁ’ AV (

When AV approaches infinitesimal, it becomes the density p at point P. In reality,
the infinitesimal may not be meaningful when the volume element is smaller than a few
molecules or atoms.
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The density is a scalar function of position and time and thus may vary from point
to point within a given body.
p=p(x,,t)
or

p=plx,t)

1.6.4.3 Mass Conservation (Material Derivative)

For any domain, the mass cannot be destroyed or produced. Therefore, the mass flow-
ing in or out of a specific volume and its local mass change (within the volume) will
sum up to zero.

[[ poends + %m pdV =0 (1-123)

Considering that:
onsidering that Hpvond5=_|.”a(£ji)dv
S v i

If the above equations hold for any domain, one has the following equation:

d(pv,) 0
o o

d(pv,) dp o,
a o P

Considering the material derivative in Section 3.2.5, one has:

dp Bp ap
dt Bth

Therefore, the mass conservation or the continuity equation can be represented as:

p=0

£ p% =0 (1-124)

1.6.4.4 Linear Momentum Equilibrium Equation
For any finite domain (body), the force equilibrium equation can be represented as:

tds+ ||| pbdV =0 (1-125)
Jfras ]

Its indicial format:
jsj no,dS+ | lj pbdV =0
By applying the divergence theorem, one has:

jﬂ( +pb )dV =0

If the above equation holds for any of the domain, the following will also hold:

do;,
g-i— pb] =0 (1-126)

i
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1.6.4.5 Angular Momentum
For any finite domain (body), the angular momentum equilibrium equation can be rep-
resented as:

[Jxxt"ds+[[] pxxbdv =0 (1-127)
S \’

The indicial format can be represented as:

xXt=e xte =e xno.e
parp g r par-p T

xxb=e xbe
parpoqr

Using the divergence theorem for surface integral one obtains:

I‘J;J €, {%(xﬁom) + pprq}dV =0

]

a(xno-fq) pl=0
Epar . +pX5, (=

]

aofq
e, {x, o +pb, |+0,}=0

]

Since:
ao-/'vz
W + pbq =0
j
e o =0
par pq
or
Op =4 (1-128)

This actually means that stress tensor is symmetric. The condition is that there is no
distributed angular momentum.

1.6.4.6 Energy Conservation

The energy conservation principle can be stated as: for any domain of interest, the rate
of change of the kinetic and internal energy is equal to the rate of work done by the
surface tractions and body forces, plus other rates of energies entering or leaving the
surface. Other energies may include all types of energies but are limited to thermal and
mechanical energies in this book. While a small section may focus on some polar me-
dium, the majority of the book deals with non-polar media.

The kinetic energy in any domain: K(t) = %IV pvudV (1-129)

The rate of work by surface traction: LV todS (1-130)
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The rate of work by body force: J.Vpbivl.dV (1-131)

The power of mechanical force is: P(t) = JV pbodV + Jav tvdS (1-132)

The rate of thermal energy includes heat supply r (heat supply per unit mass per
unit time) and heat flux g (heat flux per unit surface area per unit time). It can be repre-
sented as:

jprdv j gnds (1-133)

The rate of internal energy U accounts for all the other energies stored in the medi-
um. It is abstract at this stage. The specific internal energy u can be introduced so that:

=[ puav  u®=| puiv (1-134a, b)
Using the above terms, the energy conservation law can be represented as:

U(t)+ K(t) = P(H) + Q(t) (1-135)

d1 :
= EJvEpvl‘vidV = jvpvl. vdV
By using the divergence theorem and the stress-surface traction relationship, one

can convert the surface integral J. tvdS into a volume integral:
v

v bt v Ut ’Jax'
]

(o, v.) a0, v,
— — y ! = —_ 1, —i
tvdS=| onvdS= J'VTjdv = JV( ax]. v, +0,—)dV
[ gnds=| %V:j div(q\dV
avq v axi v q
[ pudv+{ poodv=| phodv+] (—v +0, —{)dV+ [ prav - dio(gdv
]
udV = pv +pb, +a “odV + cuavdV+ prdV — dzvq)dV
vP o, o,
: do,
By using the momentum equation, | —pv,+ pb, + 87] =0, and
j

I, G‘fax AV = o,D+W)dV = o,DdV
The energy equation will reduce to:

pu—-o:D—pr+div(g)=0 (1-136)
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1.6.4.7 Objectivity

The objectivity of constitutive modeling includes the Principle of Equipresence, which
states that an independent variable assumed to be present in one constitutive equation of
a material should be assumed to be present in all constitutive equations of the same mate-
rial, unless its presence contradicts an assumed symmetry of the material, or contradicts
the principle of material frame-indifference or some other fundamental principle.

There are three other fundamental postulates including the Principle of Determin-
ism for stress, the Principle of Local Action, and the Principle of Material Frame-Indif-
ference (Malvern, 1969). The Principle of Material Frame-Indifference is described as
follows.

The material frame-indifference principle actually states that an event {x,t} (location
and time) in frame x should be observed the same by the observers in another frame
x*as (vector transformation law):

X =c(t)+Q(t)e x}
t a

e (1-137)
Vectors v
v =Q(t)ev (1-138)
Second-order tensors T or S regarded as linear vector transformations:
u=Tevoru=veS
T =Q(t)eTe
;v 0
Deformation gradient F(X,t)
=Q(t)e F (1-140)

(This two-point tensor transforms like a vector under change of frame at time ¢)
Motion of a medium:
x=x(X,t)
X =g (X, E)=c)+QB) e x(X, 1), t =t-a
X =c+Qex (1-141)

Velocity:

d;t —Q@HQ-— (1-142)
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1.6.5 Green Function
If L is a linear operator, a partial (or ordinary) differential equation may be written as:

Lu(x,yz) =f(xy,z)

As L is a linear operator, it satisfies the following conditions for linear operator:

For two functions f;(x,y,z) and f,(x,y,z), and their corresponding solutions u,(x,y,z)
and u,(x,y,z), and two scalars ¢, and o, the solution to L u(x,y,z) = o, fi(x,y,2) + 06, f(x,,2)
will be aqu,(x,y,z) + ou,(x,y,z). This is an important feature. If it is known the solution
u* to a unit source at point (x,, Y, z,), that is f{x,y,z) = d(x — x) Y — y,) 6(z — z,), then one
can integrate the solution u* to obtain the solution to any source z(x,, v, z).

Green functions are widely used in the Boundary Element Method. Interested read-
ers may find more detailed description in Qin (2007).
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Recommended Books for Further Reading
The organization of the fundamental theory part of this book was very much inspired
by the following books. If readers need more detailed descriptions of the fundamental
theories, these books will be very helpful.

Anderson, T.L. (1995). Fracture Mechanics, Fundamentals and Applications. 2nd Edition. CRC
Press LLC, Boca Raton.

Betten, J. (2004). Creep Mechanics. 2nd Edition. Springer, New York.
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Suggested Readings

This chapter is mainly based on the teaching notes of the author. These notes are pre-
pared following the presentations from two excellent textbooks by Malvern (1969) and
Mase and Mase (1991). Malverm (1969) gave excellent descriptions about the history of
the development of continuum mechanics and the physics of the concepts. The book by
Mase and Mase presented the major concepts in continuum mechanics in a concise and
mathematic manner. The problems for excises are also excellent. If readers need more
backgrounds, please read these two books. For convenience and connections, the sym-
bols adopted in this chapter are consistent with those used in these books.
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